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Abstract

Transient guided waves excited by a line force applied on one surface of a plate with thin superconducting aniso-
tropic layers deposited symmetrically on both surfaces of a core metallic material are considered here. The line of force
is assumed to make an arbitrary angle to an axis of symmetry of the anisotropic layer. Thus, the displacement at any
point in the plate has all the three components but it is independent of the coordinate parallel to the line force (taken as
x,-axis). Attention is focused here on the coupling of the longitudinal and flexural motion with the horizontally po-
larized shear motion. It is shown that this coupling causes an interchange between longitudinal (or flexural) and shear
horizontal modes at certain frequencies, which are not high. As a result, when the center frequency of a narrow band
excitation is near one of the strong coupling frequencies the received signal has characteristic features that are quite
different than for other frequencies. These features could be used to characterize in-plane anisotropy of the thin layers
using transducers operating at moderate frequencies.
© 2002 Elsevier Science Ltd. All rights reserved.

Keywords: Ultrasonic guided waves; Elastic wave propagation; Transient waves; Thin superconducting coatings

1. Introduction

In this paper, our attention is focused on the transient response of a plate composed of thin anisotropic
superconducting layers deposited on a homogeneous metallic plate. For simplicity, the problem considered
is the case when the thin layers are of uniform thickness / and are deposited symmetrically on both surfaces
of the homogeneous core plate. The analysis is easily extended to the case when the coating layer is only on
one surface. The motivation is to develop a fundamental understanding of ultrasonic guided waves in tapes
that are fabricated for commercial high-current applications. These tapes are composites consisting of a
brittle superconducting phase and a ductile metal phase. Various mechanical processes are used to get the
crystallographic texture most favorable to high-current capacity of the tapes. Such processes coupled with
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thermal cycling cause microcracking of the brittle oxide layers, which limit the current carrying capacity.
The degree of current capacity reduction is a strong function of the crystallographic texture of the oxide
layer and the extent of microcracking, which is also a function of texture. These effects influence the me-
chanical response such as ultrasonic guided waves along the tapes. So, the ultrasonic guided waves provide
an efficient means to determine in situ elastic anisotropic constants of the layer and thus, can be used for
material property characterization during and after processing of the tapes.

There is a large body of literature on ultrasonics in superconducting bulk materials. It is now well es-
tablished that the elastic constants are linked to the superconducting transition temperature 7 through the
Debye temperature @p and the electron—phonon coupling parameter A (Lei et al., 1993; Shindo et al.,
1995). A review of various ultrasonic measurements of elastic properties can be found in Levy (1993).
Investigation of the in situ mechanical behavior and properties of thin superconducting layers has been
limited. Since the properties are highly dependent upon external and internal stress fields, interface prop-
erties and porosity, to name a few, it is necessary to understand the basic problem of guided ultrasonic wave
propagation in a three-layered tape.

Pan and Datta (1999) studied the dispersion of waves propagating in a direction of material symmetry of
the orthotropic YBa,Cu;0;_s; (YBCO) layer(s) in three-layered (YBCO/Ni/YBCO and Ni/YBCO/Ni)
tapes. They also studied the transient response of such a plate due to the application of a line force or-
thogonal to the symmetry axis and acting perpendicular to the plate surface. In the present study, the
analysis is extended to include propagation in an arbitrary planar direction. Our recent studies (Niklasson
et al., 2000a,b) on dispersion of ultrasonic guided waves in the presence of anisotropic coating or interface
layers have shown that because of anisotropy extensional (S) and flexural (A) modes become coupled with
the shear horizontal (SH) for propagation in arbitrary planar directions. They are uncoupled when
propagation is along an axis of symmetry, as discussed by Pan and Datta (1999). Thus, for off-symmetry-
axis propagation in-plane elastic constants Cj, and Cy (see Fig. 1 for the definition of the Cartesian co-
ordinate axes xj, xp, and x3), which do not influence S and A motion along the symmetry axes, cause
considerable modification of the modes. Here, prime denotes elastic constants referred to the symmetry
axes. It is found that strong coupling occurs at relatively low frequencies, at which interchanges of modes
take place. Measurements at frequencies centered around these strong coupling frequencies would then
allow determination of these in-plane constants. In recent years, most investigations of thin layer aniso-
tropic elastic constants have been carried out at very high frequencies (~GHz) using acoustic microscopy
(Kim et al., 1992; also see Qu and Kundu, 2000). In this paper, we present a model study of transient wave
propagation in a symmetrically layered YBCO/Ni/YBCO plate excited by a line force applied normally to
one surface of the plate. The attention is focused on the region of excitation frequency where the Sy and
SH, modes are strongly coupled (~25-40 MHz) and they interchange energy at around 32 MHz for the
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Fig. 1. A line force on a coated plate.



A.J. Niklasson, S.K. Datta | International Journal of Solids and Structures 39 (2002) 5515-5528 5517

particular case considered here. At 32 MHz, the thickness of the YBCO coating layers is roughly 5% of the
wavelength of the Sy and SH, modes making this frequency relatively low. In an earlier paper, Niklasson
and Datta (submitted for publication) presented a detailed analysis of transient waves in a plate composed
of a thin YBCO layer sandwiched between two isotropic homogeneous nickel layers. The case of an YBCO
coated Ni plate was also discussed briefly in the above mentioned paper. That analysis is presented in much
greater detail in the present paper. In Niklasson and Datta (submitted for publication), approximate
equations appropriate for thin interface and coating layers were presented also. So, the details will be
omitted in this paper. Only a brief summary is presented in Section 4.

Numerical results were obtained using both an exact modeling applicable to multilayered anisotropic
plates and the approximation for thin layers deposited on a plate. Both show good agreement at moderate
frequencies. However, the approximation shows a systematic error at high frequencies.

2. Problem statement

The configuration studied in this paper is depicted in Fig. 1. An infinite, isotropic, homogeneous plate
(layer 2) of thickness 2a is coated symmetrically with two thin superconducting (anisotropic) layers (layers 1
and 3), each of thickness 4. It is assumed that the thickness of the coating layers, 4, is small compared to the
wavelengths (this assumption is actually only needed in Section 4). On the top surface of the coated plate, at
x; =0 and x3 = —a — h, a line force f, parallel to the x,-axis, is applied. In the figure, a line force acting in
the x3-direction is shown. Due to the line force, all fields will be independent of x,. The aim of this paper is
to study the transient response due to the line force on the same surface as the force is applied, i.e., at a
point x; = &, x3 = —a — h.

The relevant material parameters of the isotropic, homogeneous plate are the Lamé constants A and u
and the density p® = p. The superconducting coating layers are assumed to be anisotropic with the x;x,-
plane as a plane of elastic symmetry, i.e., monoclinic material symmetry. The material parameters of in-
terest to elastic wave propagation are the elastic constants Cj, and the density pV) = p©® = p_.

It is assumed that all fields have been temporally Fourier transformed. Temporally Fourier transformed
functions are denoted by uppercase letters, for example,

Glw) = /_ " o6 dr, = g(t) = % /_ " Glw)e " do, @1

o0 o0

where ¢ is time, w is the circular frequency and i = v/—1. In each layer » = 1, 2, 3, the elastodynamic
equations of motion,

0,2y + p" Ul =0, (2.2)

hold, where U is the displacement vector, Z is the stress tensor, and 0; means 0/0x;. The lowercase
Roman 1ndlces run over 1, 2 and, 3, the lowercase Greek indices run over 1 and 3, and the summation
convention is employed. The constitutive equations for the isotropic plate are given by

2)

2 = (200, U? 4+ 70,07, 55 = 2@ U + U7, 50 = w0, Ul

(2.3)
>0 =00 + G+ 2p)o,U0?, 22 = u@,u? + 0,0, =0 = uo,UP.

For the anisotropic coating layers, Hooke’s law may be written as (using Voigt’s abbreviated notation;
Auld, 1990)
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It should be noted here that if an orthotropic material is rotated about the x;-axis (the normal to the plate),
its stiffness matrix will be in the form shown in Eq. (2.4). This is the main reason for choosing monoclinic
material symmetry in this paper. Finally, boundary and interface conditions must be supplied. Due to the
symmetry of the configuration, the problem may be split into a symmetric and an antisymmetric case. The
boundary conditions governing the symmetric subproblem are

3y = —F(0)é(x)/2, x3=-a—h, (2.5a)

Y = —F(0)d(x1)/2, x3=a+h, (2.5b)
and the boundary conditions governing the antisymmetric subproblem are

2 = —F(0)3(x)/2, x=-a-h, (2.6a)

) = F(0)d(n)/2, xs=a+h, (2.6b)

where d(x;) is the Dirac delta “function”. At the interfaces, continuity of the displacement and traction
vectors must hold, i.e.,

AT N, 27a)
U]@ = U_,«<3), Z(; = Zgj)’ X3 = a. (2.7b)

The solution to the original problem is obtained as the sum of the solutions to the symmetric and anti-
symmetric subproblems. After the problem is divided into a symmetric and antisymmetric subproblem, it is
only necessary to consider half the structure. Since we are interested in the transient response on the top
surface, x3 = —a — h, only layers 1 and 2 are considered below.

3. The exact solution

In order to derive the exact solution to the wave propagation problem described in Section 2, the fields
are spatially Fourier transformed in the x;-direction as follows:

=R 0 1 < .
U(k):/ Ux))e ®dyy, = Ulx)) = 2n/ U(k),e* dk. (3.1)
The general solution in coating layer 1 may then be written as
3
Z Jrelk\,z x3+a-+h) +A;, V/\Tieik';3<x3+a)). (32)
N=1 '

Six wave numbers ky3; and polarization vectors (Vy;, TNj)T are obtained as the solutions to the eigenvalue
problem
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k(2) =%, -

which is obtained from Egs. (2.2), (2.4), and (3.2). The wave numbers k;; and the corresponding polar-
ization vectors (Vy, T, @)T are obtained from the six solutions by ordering them as Imk,; > 0 and Im#k,, <O0.
The traction vectors are obtained from the vectors 7, ﬁj and Eq. (3.2) as

2y = i(A; Ty eliabateth 4 o elntata)), (34)
N=1

The non-zero elements of the matrices K and M in Eq. (3.3) are
Ki3 = Cssk, Ky =Kys =Kz =1, Ky = Cysk, Kz = Cuisk,
K3 = Csek, Ky = Ciik® — p,o®,  Kip = K5y = Ciek”,
Ks; = Cosk®> — p.@®, Kg3 = —p,*, Koy = —ik, (3.5)
My = —Css, My =My =—Cys, Mpy=—Cyu, M;=—Cs,
My = —Cisk, My = Mss = Mgg =1, Ms3 = —Cxk.

The general solution in the isotropic plate is split into a symmetric and an antisymmetric part (Achenbach,
1973). The symmetric part is given by

(71(2) = ikD) cos(px;) — gD, cos(gx3),

~ k?
U2<2) = ;YD3 cos(gx3), >
U = —pD; sin(px;) + ikD, sin(gx),

and the antisymmetric part is given by

~

U\? = ikD; sin(px3) + ¢Ds sin(gx3),

—~ k> .
Uy = - (;De sin(gx3), (3.7)

(73(2) = pDycos(px;) + ikDs cos(gx3),

where k; = w\/p/u, g = \/kZ2 =k, p= /K2 — K, and k, = o~/p/ (% + 2p).

By applying the boundary and interface conditions Egs. (2.5a), (2.5b), (2.7a) and (2.7b) and Egs. (2.6a)—
(2.7b), the integration constants in the symmetric and antisymmetric cases may be obtained, respectively.
Note that we only need to apply the conditions at x3 = —a and x; = —a — & due to the symmetry of the
problem. Inversion of the spatial and temporal Fourier transforms finally give the exact solution to the
wave propagation problem in the time domain.

4. An approximate solution

Since the coating layers are assumed to be thin relative to the wavelengths, approximating them in a
simple fashion should be possible. An order / approximation used by Niklasson et al. (2000a) is employed
here. Since the details on the approximation of the transient response due to a line force may be found
elsewhere (Niklasson and Datta, submitted for publication), only a brief summary is given here.
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The approximate boundary conditions state that (Niklasson et al., 2000a)
20 Fh(AmUP + B3 = —Fd(x1)/2, x; = *a, (4.1)
in the symmetric case, and
20 Fh(AnUP + BuZh) = £F8(x1)/2, x; = *a, (4.2)
in the antisymmetric case. The non-zero elements of the matrices 4, and B,, are
Ay = (Ciy — C},/C3)07 + p.w®, Ay = Az = (Cig — C13C36/C33)01,

Ay = (Cos — C35/C) 01 + pe?, Az = p?, (4.3)
B3 = (C13/C33)01, By = (C36/C33)01, B3 =0y.

Since the thin coating layers have been replaced by the effective boundary conditions, a general solution is
only needed in the isotropic plate. As in the previous section, a spatial Fourier transform is applied and the
general solution is given by Egs. (3.6) and (3.7). Approximating the thin layers thus result in significant
simplifications. No general solutions are needed in the coating layers and the number of unknown inte-
gration constants is reduced from 18 to 6. Once again, only half the structure is considered and the
boundary conditions Egs. (4.1) and (4.2) at x; = —a give the integration constants in the symmetric and
antisymmetric cases, respectively. Inversion of the Fourier transforms finally gives the transient response in
the isotropic plate. Since the field in the top coating layer is needed, a series expansion is used. The result is

U} (x1.x3) & U (11, =) + (5 + @) (03U, (n1,:2)) —a—h<x<-a (4.4)

X3=—a’

5. Numerical examples

In this section, numerical results are presented for a three-layered plate composed of a homogeneous
isotropic core coated symmetrically on both sides with thin anisotropic layers. This example is chosen to
illustrate the effect of anisotropy of the thin coating layers on the transient response of the plate. Especially,
the effect of mode coupling due to the anisotropy is investigated. In addition, comparisons are made be-
tween the exact and approximate solutions. In all examples, the isotropic layer is made of nickel (Ni) with
elastic properties 4 = 129.5 GPa, u = 84.7 GPa, and density p = 8910 kg/m?. The superconducting coating
layers are made of the orthotropic superconductor YBCO having material properties given in Table 1 (Lei
et al., 1993). Only the non-zero elastic constants relative to the crystal axes system are given in the table. In
the examples below, propagation in different directions not coinciding with this system are shown and
compared with the results for propagation along the symmetry axes. This is indicated by the angle between
the x| -axis and x;-axis, ¢. The x3- and x}-axes always coincide and ¢ is the rotation angle about the x;-axis
to get from the xj-axis to the x;-axis. The transformation of the elastic constants from the crystal axes
system x)x5x; to the x;x,x3-system is given by Auld (1990). The thickness of the isotropic plate is 2a = 100
um and the coating layers are each 5 pm thick (4 = 5 pum).

In all examples, a force acting in the x;-direction all along the x,-axis is considered. The time dependence
of the force is chosen to be (Pan and Datta, 1999; Niklasson and Datta, submitted for publication)

Table 1
Material properties of YBCO (C),, in GPa and p, in kg/m?)
Ch Ch Cis Ci Css Cés Ch Cls Cis Pe

268 231 186 37 49 95 132 95 71 6333
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£i(t) = \/2]18 56 S0 18 sin(2nfp), (5.1)

where ¢? = u/p, the time delay ¢, is 0.16 s, and the center frequency f. is varied. Figs. 2(a) and (b), show
the line force f3(¢) and the temporally transformed line force F3(w) for the center frequency f. = 32 MHz.

— Real part
--- Imaginary part

0.5p

-1

0 005 0.1 015 02 025 03 035 04 0 10 20 30 40 50 60
(a) t (ps) (b) f (MHz)

¢ (km/s)

(a)

Fig. 3. (a) Phase velocity, (b) group velocity and (c) vertical displacement on the top surface for YBCO/Ni/YBCO, ¢ = 30°. Solid lines
are symmetric modes and dashed lines are antisymmetric modes.
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As is seen in Fig. 2(b), the force is essentially zero outside an interval of width 30 MHz centered around f-.
In addition, only the x;-component of the displacement field, u3, is shown in the figures below. The main
reason for the choices of direction of the line force and displacement component is that this is the most
realistic situation from a experimental point of view. The observation point is located at x; = £ = 10 mm,
i.e., us(&, —a — h,t) is shown. In order to show the effect of the layering, figures showing u;(&, —a — A, t) for
a pure Ni plate of the same total thickness, i.e., 110 um, are presented as well.

In Fig. 3(a), the dispersion curves for propagation in the direction ¢ = 30° is shown. Corresponding
group velocities are shown in Fig. 3(b) and Fig. 3(c) shows the absolute value of the vertical displacement
on the top surface of the plate associated with the different modes. Both symmetric and antisymmetric
modes are depicted in these figures. These figures will be an aid to identifying the different signals by their
arrival times and strengths. Fig. 3 clearly shows the coupling of the Sy and SHy modes around 32 MHz,
where a mode interchange takes place, as seen in Fig. 3(c) from the vertical displacements associated with
these modes. The coupling of the S; and SH, modes at around 33 MHz is also clearly seen in this figure.
The vertical displacements associated with them around this frequency are however quite small and are not
expected to be measurable. In this study, attention was thus focused on the coupling between the S, and
SH, modes for propagation directions different than 0° and 90°. This coupling due to anisotropy could be
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f 0.02} ‘ | “ f 0.02} ‘
|5 0 ‘ I i “‘ ‘H“HI l@ 0 I ’ i I
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) [2e)
3 —0.04f S —0.04f
-0.06} —0.06f
O S35 4 45 5 55 6 008, ST 335 4 45 5 55 6
t (us) t (us)
(a) fe =25 MHz. (b) fe = 32 MHz.
0.08
0.06}
o 0.04f
f 0.02}
I@ 0
w
el
S —0.04f
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(c) fe =35 MHz.

Fig. 4. The vertical displacement on the top surface of a 110 pm thick Ni plate, 10 mm from the line force.
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used to determine the in-plane anisotropic constants, Cj, and C,, of thin coating layers. It should be noted
that when the propagation is not in directions of material symmetry, the modes are not purely extensional
(S), flexural (A), or shear horizontal (SH) due to the mode coupling.

When the spatial and temporal Fourier transforms are inverted special care need be taken. Along the
real k-axis a number of poles are located (zeros of the dispersion relation). Therefore, the integration
contour is deformed into the complex k-plane. The contour used here is

k(s) = kys(1 — ine o), (5.2)
with o = 0.02 and = 2. In addition, symmetries of the integrands are used to reduce the integration in-
terval to 0 <s < oo. After the deformation of the contour has been performed no singularities (poles) of the
integrand exist anymore. The integrand is, however, still behaving badly. This is solved by employing the
adaptive quadrature schemes by Xu and Mal (1985, 1987). When the approximate solution is computed,
the tail of the integrand is computed by means of the exact solution since the approximation breaks down
for large values of k. When the temporal Fourier transform is inverted, the exponential windowing tech-
nique is used (Pan and Datta, 1999). See Niklasson and Datta (submitted for publication) for more details
on the numerical treatment.
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0.06} 0.06}
= 004} = 0.04f
f 0.02} f 0.02} “i
l@ 0 f | \‘\J“iy | I ‘ i ng 0 ‘\ “l ‘1‘ '
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(a) ¢ =0°. (b) ¢ =30°
0.08 0.08
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(c) ¢ = 60°. (d) ¢ = 90°.

Fig. 5. The vertical displacement on the top surface of the YBCO/Ni/YBCO plate, 10 mm from a line force with f. =25 MHz.
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For purposes of comparison between the homogeneous and coated plates, results for a 110 um thick Ni
plate are shown in Fig. 4 for three different values of the center frequency f. = 25, 32, and 35 MHz. The
vertical displacement on the top surface, u3 (&, —a — h, t), is shown here. Fig. 4(a) clearly shows the arrival of
the A; mode at 2.9 ps, followed by the arrival of the Ay mode having a large amplitude. In Fig. 4(b), small
amplitude S; mode appears first, followed by A;, Ay, and then S, (3.9 ps) and Sy (4.3 us). The last has a
large amplitude (comparable to Ay). The last two are seen to be prominent in Fig. 4(c) with arrival times
earlier than in Fig. 4(b).

Turning now to the response of the coated plate, results for ¢ = 0°, 30°, 60°, and 90° are shown in Fig. 5.
The center frequency is 25 MHz. Comparison of Fig. 5 with Fig. 4(a) shows considerable similarity. The
arrival times are a little sooner now. Note that in the cases when ¢ = 30° and 60°, the SH; and SH; modes
are excited, but at this frequency their amplitudes are quite small. The strength of the Ay mode is seen to be
weakly influenced by the direction of propagation. Also, the signals arriving later are somewhat influenced
by the anisotropy.

Fig. 6 shows the results for f. = 32 MHz. This frequency is lower than that at which the interchange
between the SHy and Sy modes occur, but the former now has a significant vertical displacement compo-
nent. It is found from Fig. 6 that the SH, mode arrives at the heels of the Ay mode, which is followed by S,

0.08——————————————————— 0.08
0.06f ~ ] 0.06f
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I@ 0 i \H“\“\‘ i ‘@ 0 “‘3 “m\\' i
W 002} W -0.02f
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0053 35 4 45 5 55 6 0053 35 4 45 5 55 6
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Fig. 6. The vertical displacement on the top surface of the YBCO/Ni/YBCO plate, 10 mm from a line force with f. = 32 MHz.
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Fig. 7. The vertical displacement on the top surface of the YBCO/Ni/YBCO plate, 10 mm from a line force with f, = 35 MHz.

and Sy modes. There are two differences between this figure and Fig. 4(b). One difference is the layering and
the other is the excitation of the SHy, mode in Fig. 6(b) and (c).

As f; is increased to 35 MHz, which is after the mode-interchange frequency, the signal is modified by
the later arrival of the SHy mode with a large amplitude as well as the earlier arrival of the Ay mode with a
large amplitude. Note that Sy mode with a small amplitude arrives almost at the same time as the A,. Fig. 7
is significantly different than Fig. 6, which is at f. = 32 MHz.

Figs. 8 and 9 show the results obtained using the O(%) approximation for f, = 25 and 32 MHz.
Comparison of Figs. 5 and 8 show fairly good agreement. At the higher frequency, the results in Figs. 6 and
9 are quantitatively dissimilar, although there is qualitative agreement. The approximation seems to work
quite well in predicting the primary features of the signals.

6. Concluding remarks

In this paper, the transient response of a three-layered superconducting tape due to a line force has been
discussed. The tape consisted of an isotropic plate coated symmetrically with two thin superconducting
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Fig. 8. The approximate vertical displacement on the top surface of the YBCO/Ni/YBCO plate, 10 mm from a line force with f, = 25
MHz.

(anisotropic) layers. The main objective of this study was to investigate the possibility of measuring ma-
terial properties of the thin coating layers at relatively low frequencies. Due to the anisotropy of the su-
perconducting layers, the shear horizontal (SH) modes will be coupled with the extensional (S) and flexural
(A) modes for off-symmetry-axis propagation. Especially the coupling of the first symmetrical (Sy) and first
horizontal shear (SHy) modes were of our interest since it occurs at a low frequency.

Numerical examples for a tape made of a Ni plate of thickness 100 pm coated with two identical YBCO
layers, each of thickness 5 um, have been presented. The mode interchange between the Sy and SHy, modes
occurs at approximately 32 MHz for this specific configuration. In the examples, a line force normal to the
top surface has been applied and the vertical response of the tape on the same surface as the line force has
been studied. Due to the mode interchange, SH modes will be excited by this force for off-symmetry-axis
propagation and may thus make it possible to measure in-plane elastic constants at relatively low fre-
quencies. In order to capture the effects of the mode interchange, the frequency spectrum of the line force
was of narrow band with a center frequency close to 32 MHz. For the lowest center frequency considered,
25 MHz, the effects of the anisotropy was small. Some effects of the anisotropy was seen in the first flexural
mode (Ay). At the center frequency 32 MHz, which is slightly below the point of mode interchange between
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Fig. 9. The approximate vertical displacement on the top surface of the YBCO/Ni/YBCO plate, 10 mm from a line force with f. = 32
MHz.

the Sp and SHy modes, the anisotropy of the coating layers, was clearly seen. At this frequency, the Sy and
SH, modes are strongly coupled due to the anisotropy and both have strong vertical displacement com-
ponents. At the highest center frequency, 35 MHz, the mode interchange has taken place and the character
of the Sy and SH, modes are now interchanged. Both modes still have strong vertical displacement com-
ponents and the effect of anisotropy is clearly seen in this case as well. The conclusion is thus that the signal
due to a narrow band excitation with a center frequency close to the interchange between the Sy and SH is
fairly sensitive to the anisotropy even though the frequencies are relatively low.

Examples with a 110 pum homogeneous plate made of Ni was also presented in order to see the effect of
the layering. As would be expected, the introduction of the coating layers significantly changes the transient
response at the higher center frequencies (32 and 35 MHz). Most notable is that the amplitude of the first
flexural mode A, was increased for the layered plate.

In addition to the exact solution, an approximation was computed. The approximation was based on
replacing the thin coating layers by effective boundary conditions. From the numerical examples it was
found that the approximation captures the features of the exact solution well qualitatively, but not very well
quantitatively as the center frequency is increased.
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